Real-time nonequilibrium quantum dynamics of electrons in double-dot Aharonov-Bohm (AB) interferometers is studied using an exact solution of the master equation. The building of the coherence between the two electronic paths shows up via the time-dependent amplitude of the AB oscillations in the transient transport current, and can be enhanced by varying the applied bias on the leads, the on-site energy difference between the dots and the asymmetry of the coupling of the dots to the leads. The transient oscillations of the transport current do not obey phase rigidity. The circulating current has an anti-symmetric AB oscillation in the flux. The non-degeneracy of the on-site energies and the finite bias cause the occupation in each dot to have an arbitrary flux dependence as the coupling asymmetry is varied.
I. INTRODUCTION
Coherence of electronic transport through mesoscopic junctions has been studied intensively in nanoelectronic systems. In particular, the interference of electron waves has been visualized in Aharonov-Bohm (AB) interferometers via the AB oscillations of the conductance of a ring placed between two leads. Following the electron injection from the leads into the ring, the electrons undergo a nonequilibrium transport process before a steady interference pattern is reached. While the steady-state AB interference has been largely explored in the literature, the real-time dynamics of electronic transport in AB interferometers has not yet been fully understood. In this paper we study this dynamics in double-quantum-dot AB interferometers addressing the transient AB interference under various tunable parameters of the system.
The study of the wavy nature of electronic transmissions has been mainly focused on the complex amplitudes of the transmitted electrons in the scattering approach.
1,2
The archetype model contains a single quantum dot sitting on one of the two arms of the AB ring. A quantum point contact (QPC) placed nearby the quantum dot has been used to study the effect of a which-path detection.
3 A single-dot AB interferometer has been realized in a closed geometry 4 and also in an open one.
5
Phase rigidity in a two-terminal geometry has been experimentally discovered 4, 6 and theoretically explained. The effect of electron-electron interactions on transport through AB interferometers has also been explored. 8, 9 A review on the early progress can be found in Ref. [10] . Extracting the transmission phase from the AB oscillations is another main issue. The way continuous phase shifts (as opposed to phase rigidity) of the AB oscillations can be induced by breaking the unitarity of the scattering matrix and the way such phase shifts depend on the properties of electron losses have been investigated.
11,12
Likewise, ways of extracting both the amplitude and the phase of the intrinsic transmission amplitude from the measured conductance without opening the interferometer have been suggested. 13 The studies of AB interferometers with two quantum dots placed on the two arms of the ring have been focused on different issues, such as the flux-dependent level attraction, 14 the effect of intradot Coulomb interactions, 15, 16 inelastic scattering with phonons, 17 as well as extracting transmission phases from the current measurements using QPC placed next to the one of the quantum dots.
18
The above investigations are concentrated mainly on steady-state properties of quantum-dot AB interferometers. In this paper we consider the transient transport behaviors in this system. We consider a double-quantumdot AB interferometer as sketched in Fig. 1 , where a single active charge state on each dot is assumed and electron-electron interactions are ignored. In a recent work, 19 some of us have studied the electron dynamics in this system under the condition of identical onsite energies of the dots and symmetric couplings to the leads. In that study, a phase localization phenomenon has been found. In the present paper, we systematically explore the general transient transport dynamics with non-identical on-site energies on the dots and asymmetric couplings to the leads. In particular, besides the search for the dynamical flux dependences of the transient net current, we also examine the flux dependence of the transient electronic occupation in each dot and the transient circulating current. The electronic occupation on each dot can be measured in experiments and contains rich information about the transport processes. The relatively large circulating current at zero or small bias may provide new insights into electron coherence during the transport.
A schematic sketch of the system: the AharonovBohm interferometer, consisting of two single-level dots, is connected to a source and a drain set at different chemical potentials, µ L and µ R , respectively. The interferometer is threaded by a magnetic flux Φ measured in units of the flux quantum Φ0 = hc/e.
Here is a summary of the main results we obtain. By setting the two electronic leads (as the reservoirs) at thermal equilibrium initially with no excess electrons on the double dot, we monitor the time evolutions of the electronic charge occupation, the transport net current and the circulating current. When the two on-site energies on the dots are identical (namely the double dot is degenerate), regardless of the coupling asymmetry to the leads, we find that the total electronic occupation on the double dot and the net current are always symmetric in the flux, while the occupation difference between the two dots and the circulating current are always anti-symmetric in it. We also find that the times needed for the total occupation to reach its steady-state values are much longer near zero flux, compared with the case where the flux value is away from zero. By breaking the degeneracy of the double dot, the net current is allowed to break phase rigidity transiently at any bias. The flux dependence of the total occupation number changes arbitrarily as the the coupling asymmetry is varied at finite biases. The non-degenerate double dot coupled asymmetrically to the leads also drives the circulating current slightly away from an anti-symmetric flux dependence immediately after the current is switched on, but it then quickly becomes completely anti-symmetric in the flux.
The rest of the paper is organized as follows. In Sec. II we outline the basic formalism describing the nonequilibrium electronic dynamics for nanoelectronic devices in general, and for the double-dot AB interferometer in particular. In Sec. III we present analytical expressions for the electronic occupations, the transient net current and the circulating current. In Sec. IV we consider the steady-state limit, reproduce known results for this system and compare them with ours. In Sec. V we numerically demonstrate the transient flux dependence of the electronic occupations and currents. Finally, conclusions are drawn in Sec. VI.
II. BASIC FORMALISM
In this section we give a brief introduction to the nonequilibrium quantum theory that can describe transient quantum transport and quantum coherence in nanoelectronic systems 20, 21 and then apply it to the doublequantum-dot AB interferometer considered in this paper.
The Hamiltonian of the prototypical nanoelectronic system we consider can be written as
In Eqs. (2) and (3), tr E and tr tot denote the traces over the states of the leads and the total system, respectively. Throughout the paper, we use units in which = 1.
As usual, we assume 22 that the central dot system is initially decoupled from the leads, and the leads are initially at thermal equilibrium with the chemical potential µ α and inverse temperature β = 1/k B T for lead α, whose Fermi distribution function is given by f α (ǫ) = 1/[e β(ǫ−µα) + 1]. Then the exact equations governing the time evolution of the reduced density matrix and the transient currents are
where the superoperators L ± iα (t) are expressed explicitly by (4) and (5) form the basis of the nonequilibrium description of quantum coherence and quantum transport in mesoscopic systems. The time-dependent dissipation and fluctuation coefficients in Eqs. (5), κ α (t) and λ α (t), are explicitly determined by the nonequilibrium retarded and correlation Green functions of the dot system, denoted here by u(t) and v(t), 21 via the relations
The nonequilibrium retarded and correlation Green functions of the dot system obey the following dissipationfluctuation integrodifferential equations of motion
subject to the conditions u(t 0 ) = I, v(t 0 ) = 0 with t 0 ≤ τ ≤ t , andū(τ ) = u † (t − τ + t 0 ) is the advanced Green function. Here E is the on-site energy matrix of the dot system, g = α g α andg = α g α are the self-energy corrections due to the coupling to the leads:
The spectral density Γ αij (ω) = 2π k∈α V * iαk V jαk δ(ω − ǫ αk ) summarizes all the non-Markovian memory effects of the electron reservoirs on the dot system.
The correlation Green function v(t), Eq. (7b), has a general solution in terms of the retarded Green function u(τ ),
From the master equation, Eq. (4a), it is easy to find the single-particle reduced density matrix in terms of u(t) and v(t):
where ρ
(1) ij (t 0 ) is the initial single-particle reduced density matrix of the dots. The currents Eq. (4b) can then be explicitly expressed as
This expression is consistent with the result obtained from the Keldysh Green function technique, except that the initial state dependence [the third term in Eq. (10)] is usually ignored in most of the Green function treatments 23 (see the explicit derivation given in Ref. [21] ). If the dot system is initially empty, namely, ρ (1) ij (t 0 ) = 0, the transient electronic occupations and currents can be further simplified:
Thus, solving Eq.(7a) and using Eq. (9), we can obtain the full information of the transient quantum transport dynamics.
To be specific, we consider in this paper a doublequantum-dot AB interferometer schematically plotted in Fig. 1 , where each of the quantum dots has a single active electronic state. Then the energy matrix E in Eq. (7) becomes a 2 × 2 matrix. We also do not consider the inter-dot tunnel coupling, namely, E 12 = E 21 = 0. The AB magnetic flux is embedded in the tunneling amplitudes between the leads and the dots: V jLk =V jLk e −iφjL and V jRk =V jRk e iφjR with the relation φ 1L −φ 2L +φ 1R −φ 2R = φ ≡ 2πΦ/Φ 0 , and Φ 0 = hc/e is the flux quantum. Thus the spectral density involving explicitly the threading magnetic flux is given by
where the +(−) sign is for α = L(R). With the above basic formulation, we are able to explore the nonequilibrium electronic dynamics in this nanoscale AB interferometer.
III. ANALYTICAL SOLUTIONS
We exploit in our calculations the ubiquitously-used wide-band approximation, in which the spectral density is assumed to be frequency independent. In general, the magnetic phase can be characterized by two variables, the magnetic flux threading the ring, φ = φ L + φ R , and the difference, i.e. the gauge degree of freedom, χ = φL−φR 2
, where φ α = φ 1α − φ 2α . Correspondingly, the spectral density is reduced to
where the upper (lower) sign is for α = L(R). The timedependent self-energy correction to the retarded Green function of the electron in the double dot is given by
with Γ
Here Γ = Γ L + Γ R and δΓ = Γ L − Γ R characterize the strength and the asymmetry of the coupling to the leads, respectively.
Even for the most general case of a non-degenerate double dot asymmetrically coupled to the leads, the solution of Eq. (7a) can be found analytically (taking t 0 = 0):
Here σ = (σ + , σ − , σ z ) is the vector of the three Pauli matrices, and σ 0 = I (the identity operator).
We have introduced a flux-dependent and gauge-dependent polarization vector p(φ, χ) ≡
containing all the information on the gauge dependence, the flux dependence and the dependence on the asymmetry of the couplings, with δE = E 1 − E 2 characterizing the non-degeneracy of the double dot on-site energies.
Hereˆ p(φ, χ) = p(φ, χ)/Γ φ and
gauge independent. Without loss of generality, we set E = E1+E2 2 = 0, as an energy reference. Then the functions u 0 (τ ) and u p (τ ) in Eq. (15) are given by
with γ
, which are also gauge independent. Substituting Eq. (15) into Eq. (9), we obtain the correlation Green function
where
The gauge degree of freedom parameterized by χ appears explicitly in the off-diagonal matrix elements of the retarded and the correlation Green functions u(t) and v(t). However, the physical observables, calculated from u(t) and v(t), do not depend on χ, ensuring the gauge invariance of our calculations.
Explicitly, the electronic occupation on each dot is given by the diagonal matrix element of v(t), see Eq. (12a). The total occupation number N (t) = n 1 (t) + n 2 (t), where n i (t) = v ii (t), can be expressed explicitly as
and the occupation difference between the two dots, δn(t) = n 1 (t) − n 2 (t), is given by
Here
On the other hand, the current passing from the left lead to the right one through dot i is given by I i = I Li − I Ri . Summing up the two currents through the two dots, we obtain the transport net current I = 1 2 (I L − I R ). Combining the current I 1 flowing from the left to the right through the first dot with the current −I 2 flowing from the right to the left through the second dot gives the circulating current I c = I 1 − I 2 . Explicitly, the transient net current is given by
where the dependencies on χ in the Green functions u and v are exactly canceled by those of the self-energy correctionsg and g [see Eq. (12b)], leaving the current gauge independent. The transient circulating current is given by
These dynamical quantities depend on the amount of the non-degeneracy δE, the coupling asymmetry δΓ, the magnetic flux φ and also the bias voltage applied on the leads through the particle distributions in the two electronic reservoirs. The time scales for the transient behaviors of these physical observables are determined by the factors 1/γ ± φ = 2/(Γ±Γ φ ) in Eq. (16), in which the flux as well as the coupling asymmetry and the non-degeneracy play their important roles.
The symmetric and degenerate double-dot interferometer has been widely studied in the literature. This corresponds to δE = δΓ = 0. Thus Γ φ = Γ| cos φ 2 |, and the above results can be significantly simplified. Explicitly, the total occupation number in the double dot is reduced to
and the occupation difference between the two dots becomes
The transient net current is simplified to be
and the circular current is given by
In general, the transient flux dependence of the physical quantities, Eqs. (19)- (22), for non-degenerate double dot with asymmetric couplings to the leads, are neither symmetric nor anti-symmetric in the flux. The complicated flux dependencies are mainly determined by the energy splitting δE. When the two quantum dots are set at degeneracy, δE = 0, regardless of the coupling asymmetry and the finite applied bias, both the total occupation number and the net current become symmetric in the flux, namely, N (φ, t) = N (−φ, t) and I(φ, t) = I(−φ, t). In contrast, the occupation difference and the circulating current become anti-symmetric in the flux: δn(φ, t) = −δn(−φ, t) and I c (φ, t) = −I c (−φ, t). However, when the degeneracy is lifted, both the symmetric and antisymmetric flux dependencies are transiently present in all these physical observables. These complicated flux dependencies can be simplified by setting an applied bias,
The difference in the occupations of the two dots then becomes symmetric in the flux, δn(φ, t) = δn(−φ, t), and is proportional to δE. On the other hand, the circulating current generally contains two contributions. One is proportional to (Γ 2 − δΓ 2 ) sin(φ) and is anti-symmetric in the flux. The other contribution is proportional to δΓδE, and is symmetric in the flux. However, we find that the second contribution decays to zero within a time scale of a few 1/Γ. After that time, the circulating current becomes anti-symmetric in the flux, proportional to sin(φ). Applying the aforementioned bias configuration does not affect the existence of both the symmetric and the antisymmetric flux dependent components of the total occupation and the transient net current. Only in the special case of zero bias, the total occupation number becomes symmetric in the flux. The transient net current always has a non-vanishing anti-symmetric flux dependence for arbitrary values of the bias when δE = 0.
More interestingly, during the transient transport processes, I(φ, t) = I(−φ, t) for the non-degenerate case. In other words, it transiently breaks the well-known phase rigidity at arbitrary biases. This is easily understood because during the nonequilibrium transient processes there is no time-reversal symmetry. The time-reversal symmetry is the prerequisite for phase rigidity of the linear conductance of a two-terminal device. 4, 6, 7 Only at steady state, as we show in the next section, can Eq. (21) reproduce this phase rigidity, independent of the value of δE. The on-site energy splitting thus plays a crucial role for the time-reversal symmetry breaking with respect to the flux dependency during the transient dynamics. Note also that I(φ, t) = I(−φ, t) is a purely transient effect. In a steady state, the phase rigidity is preserved.
IV. COHERENCE AND PHASE RIGIDITY AT STEADY STATE
Before studying the real-time dynamics of electronic transport in this double-dot AB interferometer, we deduce the steady-state results from the general transient solutions given in Sec. III, and compare them with the previous steady-state solutions obtained for a degenerate double dot coupled symmetrically to the leads.
A. The general steady-state solution
Taking the steady-state limit of Eq. (16), we have
. Substituting these solutions into Eqs. (19)- (22), we obtain the electronic occupation and transport currents at steady state.
The total electronic occupation at steady state is reduced to
. (27) At zero bias, only the first term survives. At a finite bias, the difference of the particle distributions between the two electronic reservoirs can give an additional contribution to the total occupation when the asymmetric coupling or the non-degeneracy are present. Besides, it shows that the flux dependence of the total occupation has an anti-symmetric flux dependence only when a finite bias is applied for a non-degenerate double dot. The steady-state solution of the occupation difference is
. (28) Equation (28) shows further that one must have either an on-site energy splitting or a nonzero flux under a finite bias to generate an occupation difference between the two dots.
The general expression of the steady-state net current is
where the transmission coefficient is
By taking δΓ = 0 and δE = 0, Eq. (30) reproduces the results investigated in Refs. [14, 15] . Equation (29) shows that for this two-terminal device the steady-state net current (as well as its derivative with respect to the bias, i.e. the differential conductance) obey phase rigidity I(φ) = I(−φ). The AB flux profile of the steady-state net current exhibits a phase shift of only 0 or π with respect to all possible variations of the system parameters, including the non-degeneracy of the double dot and the asymmetry of the couplings to the leads. Correspondingly, the steady-state circulating current is given by
Both the net current and the circulating current, see Eqs. (29) and (31), are proportional to Γ 2 − δΓ 2 . Their AB oscillation amplitudes decrease upon increasing the coupling asymmetry.
B. Small and large bias limits at zero temperature
The steady-state occupation numbers and currents, Eqs. (27)-(31), are expressed in terms of integrals over the frequency. These integrals can be explicitly carried out at zero temperature with the bias configuration µ L = eV /2 = −µ R .
At zero temperature, the total electronic occupation is found to be
Assuming a small or a large bias, Eq. (32) can be further simplified,
Note that since Coulomb interactions have been ignored, the screening effect is altogether discarded. By setting δE = 0, the total occupation at large bias becomes independent of the flux. In contrast, at small bias the total occupation is flux dependent when the coupling to the leads becomes asymmetric. The occupation difference between the two dots at zero temperature reads
As expected, the occupation difference is proportional to δE. The small and large bias limits are
when Γ φ is real, and otherwise
(33c) Therefore, when a small bias is applied, the on-site energy splitting effectively causes a difference in the occupations. However, when we apply a bias much larger than the energy splitting, the energy splitting becomes ineffective in rendering the occupation difference between the two dots. The bias setting with respect to the energy splitting is thus essential for the control of the occupation difference between the two dots.
Having examined the occupations in these limits, we now turn to the currents. The steady-state net current at zero temperature is found to be
For small or large biases, it is further reduced to
(34b)
In the small bias limit, the amplitude of the AB oscillation in the net current increases with the on-site energy splitting. However, under a large bias, it shows two competing oscillations, cos 2 (φ/2) and sin 2 (φ/2), which results in a sub-oscillatory pattern over the main oscillation of cos 2 (φ/2), proportional to δE. The explicit expression for the steady-state circulating current at zero temperature is
and for small or large biases it reads
From the above results we find that the circulating current becomes significantly large when the bias is sufficiently small. In the opposite limit, the large bias drives the electron to flow in one direction and the circulating motion is then strongly suppressed.
It is worth noting that in the case of the degenerate double dot at zero flux, the operator A † − A − , where (20) shows that at degeneracy δn(φ = 0, t) = lim φ→0 δn(φ, t) = 0, namely the occupation difference δn is continuous across the zero flux point. By setting first δE = 0 and φ = 0 in Eq. (15) and then taking the steady-state limit, compared with the limit φ → 0 after the steady-state limit is taken, we find that both I and I c are continuous as the zero flux point is crossed. Thus the abrupt change upon crossing zero flux occurs only in the total electronic occupation due to the existence of an occupation constant of motion at φ = 0.
The results presented in this section give the general AB flux dependence of the electronic occupation and electronic transport in the steady-state limit for the nondegenerate double dot coupled asymmetrically to the leads.
V. REAL-TIME DYNAMICS
Having the analytical solution for the electronic occupations and the transport currents in the double-dot AB interferometer for an initial empty state, we now examine the real-time dynamics of the electrons for various values of the on-site energy splitting, the coupling asymmetry as well as the externally-applied bias. For simplicity, we exploit the bias configuration, µ L = eV /2 = −µ R .
A. Degenerate double dot with asymmetric couplings to the leads (δE = 0 but δΓ = 0)
When δE = 0, one can see from Eq. (16) that the time needed to reach the steady-state limit becomes considerably longer as φ approaches zero. This is because the dominant decay factor given by γ
when φ approaches zero. However, at φ = 0, Γ−Γ φ=0 = 0 and the time to reach the steady-state limit, given by (γ
, becomes much shorter. This is because the applied magnetic flux breaks the occupation symmetry associated with the degeneracy, as we have discussed at the end of Sec. IV. As a result, the total occupation is discontinuous across the zero flux point at steady state. In the time domain, this effect is manifested as the apparent elongation of the time scale for reaching the steady-state limit at small but nonzero fluxes. The nonequilibrium occupation dynamics of the system with and without a threading magnetic flux becomes therefore significantly different. The difference in the occupation numbers is not shown since it remains zero at degeneracy. The black short-dashed line is for t = 2/Γ, the green dash-dotted line is for t = 10/Γ, the blue long-dashed line is for t = 40/Γ and t = ∞ is the magenta solid line. The bias is eV = 3Γ, the asymmetric coupling is δΓ = −0.5Γ and the temperature is kBT = Γ/20. The parameters used here are also used in other figures unless otherwise stated.
The time-dependent AB oscillations of the total occupation, the net current and the circulating current are shown in Figs. 2(a), (b) and (c), respectively, for the degenerate double-dot asymmetrically coupled to the leads. The flux dependencies N (φ, t) = N (−φ, t), I(φ, t) = I(−φ, t) as well as I c (t) ∝ sin(φ) discussed in Sec. III are shown there. In Fig. 2(a) , we see that the curve for t = 40/Γ deviates from the curve for t = ∞ for fluxes near zero. A discontinuity of the total occupation across the zero flux point is shown for the curve at t = ∞. This demonstrates the occupation symmetry breaking by the applied flux at degeneracy as discussed in Sec. IV. In Sec. IV, we have also pointed out that both the net current and the circulating current are continuous across the zero flux point. Therefore the long times needed for the occupation to reach the steady state near zero flux are not expected for these currents, as shown in Fig. 2 (b) and (c) .
B. Non-degenerate double dot with symmetric coupling to the leads (δE = 0 but δΓ = 0)
We proceed to examine the case with arbitrary on-site energy difference on the two dots coupled symmetrically to the leads, i.e. δE = 0 but δΓ = 0. The flux dependence profiles of the occupations in each quantum dot, the net current and the circulating current are plotted in Fig. 3 for several values of the on-site energy splitting. With a small energy splitting, for example, δE = 0.15Γ, we can still see that the times needed for the occupations to reach the steady state at fluxes near zero are much longer than those at other values of the flux (compared Figs. 3(a2) and (b2) at t = 40/Γ with (a3) and (b3) at t = ∞). However, the occupations at steady state are continuous across zero flux when the degeneracy of the double dot system is removed, even only slightly, as shown by the curve for δE = 0.15Γ in Figs. 3(a3) and (b3). By further increasing δE, the electrons are more likely to occupy the level with the lower energy as expected, see the curves for δE = 2Γ in Figs. 3(a2) , (a3) and (b2), (b3). Non-symmetric flux dependencies are also observed for the occupations at δE = 0, as discussed in Section III.
On the other hand, upon increasing δE to a large value (here δE ∼ 2Γ), there is a π phase jump with respect to δE = 0 in the net current, see the orange long-dashed lines in Figs. 3(c1) to (c3). The phase jump upon changing δE in the steady-state net current can be easily found from Eq. (29), regardless of the value of δΓ. More interestingly, the AB oscillation pattern for different δE at time t = 2/Γ, see Fig. 3(c1) , has a different phase shift as compared to those at a later time, see Figs. 3(c2) and (c3). This shows the transiently breaking of the phase rigidity in the transient net current, as we have discussed in connection with Eq. (21) . In contrast, for the case of the degenerate double dot, phase rigidity remains at all times, as shown in Fig. 2 . The behavior of the circulating current in response to the change of δE is rather simple. Its AB oscillations remain proportional to sin φ at all times for different δE with δΓ = 0, see Figs. 3(d1) to (d3), as expected from Eq. (22).
C. Non-degenerate double dot with the asymmetric coupling to the leads (δE = 0 and δΓ = 0)
After examining the effects of the asymmetric coupling and the energy splitting separately on the electronic occupation and transport dynamics, we next study the effects of the asymmetric coupling together with a finite energy splitting 
The occupation number of the first dot, the net current and the circulating current as functions of flux in (a1) to (a3), (b1) to (b3) and (c1) to (c3), respectively, with δE = 0.5Γ. The magenta solid lines are for δΓ = 0, the black short-dashed lines are for δΓ = −0.5Γ and the blue long-dashed lines are for δΓ = −0.8Γ. Figure 4 illustrates the results for the occupations and currents under various choices of δΓ's with δE = 0.5Γ. The occupation of the second quantum dot is not shown for this energy splitting since n 2 does not differ much from n 1 . At time t = 2/Γ, the occupations for different asymmetries in the coupling have the same AB oscillation phases, see Fig. 4(a1) . At long times, the differences in the AB oscillation phases due to different asymmetric couplings become more distinct. This demonstrates the arbitrary flux dependence of the AB oscillations of the total occupation with respect to the change of δΓ.
Figures 4(b1) to (c3) show that the amplitudes of both the transient net current and circulating current decrease upon increasing the coupling asymmetry, consistent with what we have found from Eq. (29) and Eq. (31). Inspecting the curves in Fig. 4(c1) , one sees that the flux dependence of the circulating current has a small deviation from the sin φ profile during a short time initially, but then it reaches the profile proportional to sin φ. So far, we have examined the effects of changing the asymmetries of the system, namely, δE and δΓ, at a fixed bias. We now turn to study the effects of varying the bias. The flux dependence profiles of the electronic occupations for different choices of the bias are plotted in Figs. 5(a1) to (b3), for a given energy splitting and asymmetric coupling, δE = 0.5Γ and δΓ = −0.5Γ. When the bias increases, the difference in the occupations becomes smaller [see the curves for eV = Γ and 3Γ in Figs. 5(a2), (a3) and (b2), (b3)]. The symmetric flux dependence of the net current is transiently broken for all biases [see Figs. 5(c1) and (c2)]. At zero bias, the net current goes to zero at steady state, as expected, but a finite transient net current is observed [see the curve for eV = 0 in Figs. 5(c1) and (c2) ]. At finite biases, when the net current evolves to its steady-state value, the AB oscillations develop a sub-oscillatory pattern, proportional to sin 2 (φ/2), over the main oscillation of cos 2 (φ/2) [see the curve for eV = 0.0125Γ in Fig. 5(c3) ]. The antisymmetric flux dependence is maintained for the circulating current, only the AB oscillation amplitudes vary in time for different biases [see Figs. 5(d1) and (d3)].
VI. CONCLUSIONS
In this work we have explored the transient quantum dynamics of a double-quantum-dot AB interferometer using the exact solution of the master equation. We analyzed the effects of various tunable parameters of the system, namely, the splitting of the on-site energies on the double dot, the asymmetric coupling to the left and the right leads and the externally-applied bias, on the timedependent electronic occupations and the net current as well as on the circulating current, during the nonequilibrium transient processes. In the steady-state limit, we recover the results that have been extensively investigated in the literature.
With identical on-site energies on the double dot, regardless of the coupling asymmetry to the leads, we find that the total electronic occupation in the double dot and the net current are always symmetric in the flux, while the occupation difference between the two dots and the circulating current are anti-symmetric in it. We also find that the time needed for the total occupation to reach its steady-state value is much longer near zero flux, compared with the flux values away from zero. This is because there exists an occupation symmetry at zero flux, where a discontinuity cross zero flux in the total occupation is found. By breaking the degeneracy of the double dot, the phase rigidity in the net current is broken transiently at an arbitrary bias. By varying the non-degeneracy of the double dot and the coupling asymmetry to the leads, the total occupation has an arbitrary flux dependence at finite biases. The non-degenerate double dot with an asymmetric coupling to the leads makes the circulating current to slightly deviate from the anti-symmetric flux dependence initially, but it then quickly approaches the AB oscillations with the fully anti-symmetric flux dependence. The net current shows a sub-oscillatory pattern over the main oscillation of cos φ at finite bias. It is also shown that a small bias causes a large circulating current whereas the net current is negligible. Thus the circulating current may provide new insights into electron coherence during the transport.
In short, the splitting of the on-site energies on the double dot and the bias configuration applied to the leads change significantly the flux dependencies of the transient electronic occupations as well as the transient transport currents. We hope that experimentally monitoring the transient behaviors will deepen our understanding of the electronic dynamics in quantum-dot AB interferometers.
